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Abstract
The only 2 − (v; k; ) designs with r>2 and k> in which a minimal blocking 3-set may
exist are the following: a 2− (2+3; +1; ) design with >3; a 2− (2+2; +1; ) design
with >3; a 2− (2− 1; ; ) design with >4; a 2− (4+3; 2+1; ) Hadamard design with
>3; a 2− (4−1; 2+1; ) Hadamard design with >2; see L. Berardi (A note on 3-blocked
designs, J. Combin. Designs 5 (1) (1997) 61{69). Moreover, in Berardi (1997) the case of
Hadamard designs has been studied. In this paper we deal with the problem of the existence of
blocking 3-sets in the remaining designs. c© 1999 Elsevier Science B.V. All rights reserved.
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1. Introduction
A 2−(v; k; ) design D is a pair (V;B), where V is a v-set, whose elements are
called points, and B is a family of k-subsets of V , called blocks, such that through
any two points of V there are exactly  blocks. Moreover, any point of V is contained
in exactly r=(v−1)=(k−1) blocks and the number of all the blocks of B is b=rv=k.
A 2 − (v; k; ) design D is called symmetric if b = v and, hence, r = k. We recall
that in a 2 − (v; k; ) design a line is the intersection of the  blocks containing two
xed points [14].
If we consider a design D, there are some naturally related structures which in some
cases yield new designs. In this context we recall the following denitions.
Let D = (V;B) be a 2− (v; k; ) symmetric design and B0 a block of D.
 The residual design of D with respect to B0 has V − B0 as point set and as blocks
all the sets B− B0 with B 2 B− fB0g. It is a 2− (v− k; k − ; ) design.
 The induced design from D on B0 has B0 as point set and as blocks all the sets
B \ B0 with B 2 B− fB0g. It is a 2− (k; ; − 1) design.
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A blocking s-set S in a design D is an s-subset of V such that every block of D
intersects both S and V − S in at least one point. Of course, the complementary point
set V − S is a blocking set of D too.
A blocking set S is called minimal (or irreducible) if the set S − fPg is not a
blocking set for every point P of S. If s is the minimum cardinality of a blocking set
in a design D, we say that D is an s-blocked design.
Let S be an s-set of a 2 − (v; k; ) design D. Put m = minfk; sg. Let ti denote
the number of blocks of D intersecting S in exactly i points. The numbers ti with
i 2 f0; 1; 2; : : : ; mg are called the characters of S. By easy counting arguments, we
have
m∑
i=0
ti = b;
m∑
i=1
iti = rs;
m∑
i=2
(i − 1)iti = s(s− 1): (1.1)
Furthermore, let vi (respectively ui) denote the number of the blocks through a point
of S (respectively through a point not in S) that intersect S in exactly i points. The
following equations are well known:
m∑
i=1
vi = r;
m∑
i=2
(i − 1)vi = (s− 1); (1.2)
m∑
i=0
ui = r;
m∑
i=1
iui = s: (1.3)
There are quite a few papers on blocking sets in designs (see, for instance [2{8,
12{19]).
It is very interesting to know the minimum cardinality of a blocking set in a design.
It is well known that in a 2 − (v; 3; ) design there is no blocking set, see [16]. The
following result is proved in [3].
Result. If a design D with r>2 and k> contains a minimal blocking 3-set, then
D is one of the following designs:
I. a 2− (2+ 3; + 1; ) design, with >3;
II. a 2− (2+ 2; + 1; ) design, with >3;
III. a 2− (2− 1; ; ) design, with >4;
IV. a 2− (4+ 3; 2+ 1; ) Hadamard design, with >3;
V. a 2− (4− 1; 2+ 1; ) Hadamard design, with >2.
Moreover, in [3] the case of Hadamard designs has been studied. So, in this paper we
deal with the problem of the existence of blocking 3-sets in the remaining designs.
In Section 2 we prove that a 2 − (2 + 3;  + 1; ) design D contains a blocking
3-set if and only if  is even, >6, and in D a 3-line exists. Moreover, we present a
particular family of 3-blocked 2− (2+ 3; + 1; ) designs, starting from = 6.
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In Section 3 we prove some necessary conditions for the existence of blocking 3-sets
in a 2− (2+2; +1; ) design, both in the case  even and  odd. In particular, some
2− (8; 4; 3) designs and some 2− (10; 5; 4) designs are 3-blocked (see Section 5).
In Section 4 we study the problem of the existence of 3-blocked 2 − (2 − 1; ; )
designs. In particular, the 2−(7; 4; 4) designs and the 2−(9; 5; 5) designs are 3-blocked,
see Section 5. Moreover, we consider a particular family F of 2− (2−1; ; ) designs
with 2− 1= q an odd prime power. A computer search proves that for q prime with
116q66007 there is no 3-blocked design in F .
In Section 5 we give some examples of 3-blocked designs.
2. Blocking 3-sets in 2− (2 + 3;  + 1; ) designs
We begin with the following
Proposition 2.1. A 2− (2+3; +1; ) design D with >3 contains a blocking 3-set
S if and only if there are  blocks B1; B2; : : : ; B such that S B1 \B2 \    \B. The
characters of S are t1 = 3+ 6; t2 = 0; and t3 = .
Proof. In a 2 − (2 + 3;  + 1; ) design with >3 the characters of a 3-set S are
t1 = 3+ 6− 3t0, t2 = 3t0 and t3 = − t0 in view of Eq. (1.1). Since k = + 1>4, a
3-set S is a blocking 3-set if and only if t0 = 0 and so if and only if t3 = .
By the denition of an h-line H in a design D it follows that each block of D
intersects H in either 0, or 1, or h points (i.e. an h-line is a set of type (0; 1; h)). So
Proposition 2.1 implies that.
Corollary 2.2. In a 2− (2+3; +1; ) design with >3 a blocking 3-set is a 3-line.
Lemma 2.3. In a 2 − (2 + 3;  + 1; ) design a line H has at most three points.
Moreover; H is a blocking set if and only if H has exactly three points.
Proof. Let H be an h-set of type (0; 1; h). From Eq. (1.1) we have that t0=(3−h)(+
2), t1 = h(+ 2) and th = . Since t0>0, we have that h63. Moreover, t0 = 0 if and
only if h= 3.
As a consequence of Corollary 2.2 and Lemma 2.3 we have the following.
Theorem 2.4. A 2− (2+ 3; + 1; ) design is 3-blocked if and only if it contains a
line of three points.
Moreover, we prove the following
Theorem 2.5. If a 2− (2+3; +1; ) design D with >3 contains a blocking 3-set
S; then  is even.
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Proof. Let S be a blocking 3-set of D. Since every point not in S has u0 =0, we have
that = 2(u3 + 1) in view of Eq. (1.3).
Remark 2.6. Note that from Theorem 2.5 it follows that >4.
Now we prove that >6. Let us consider a 2− (11; 5; 4) design D. Assume that D
contains a blocking 3-set S. Then the characters of S are t1 = 18, t2 = 0, and t3 = 4.
Moreover, every point not in S has u1=9, u2=0, and u3=1 in view of Eq. (1.3). From
Eq. (1.1) we have that in a 2− (11; 5; 4) design the possible characters of a block are
: t0 = 1; t1 = 0; t2 = 15; t3 = 5; t4 = 0; t5 = 1 or
: t0 = 0; t1 = 3; t2 = 12; t3 = 6; t4 = 0; t5 = 1 or
: t0 = 0; t1 = 2; t2 = 15; t3 = 3; t4 = 1; t5 = 1 or
: t0 = 0; t1 = 1; t2 = 18; t3 = 0; t4 = 2; t5 = 1.
Proposition 2.7. If S is a blocking 3-set of a 2−(11; 5; 4) design; then the four blocks
intersecting S in exactly three points are of type .
Proof. Let B be a block intersecting S in exactly three points. Since S is a blocking
set, S has t0=0. So, B has t0=0 too. Now, we prove that B has t4=0 and, hence, B is
a block of type . On the contrary, let us suppose that B has t4>1. Let B0 be a block
that intersects B in exactly four points. We have jB0 \ Sj>2 necessarily. Since S has
t2 = 0, we have that jB0 \ Sj= 3. Put fPg:=(B \ B0)− S. So, two blocks intersecting
S in exactly three points pass through P. This is a contradiction because every point
not in S has u3 = 1.
Theorem 2.8. Each of the 3337 non-isomorphic 2−(11; 5; 4) designs is not 3-blocked.
Proof. On the contrary, assume that there is a blocking 3-set S in a 2−(11; 5; 4) design D.
Since S has t3=4, let B1; B2; B3; and B4 denote the four blocks intersecting S in exactly
three points. Let tjki be the number of all the blocks B such that j(Bj[Bk)\Bj= i with
i 2 f1; 2; 3; 4; 5g, j; k 2 f1; 2; 3; 4g and j 6= k. From Eq. (1.1) we have that tjk3 = 36−
3tjk4 − 6tjk5 , tjk2 = 3tjk4 + 8tjk5 − 24, and tjk1 = 10− tjk4 − 3tjk5 . Now, it is easy to see that
t121 = 2 + t
34
5 , t
12
5 = t
34
1 − 2, t124 = t342 , and t122 = t344 . So, from t121 = 10− t124 − 3t125 and
t122 =3t
12
4 +8t
12
5 −24 we have t345 =14− t342 −3t341 and t344 =3t342 +8t341 −40, respectively.
Finally, the equality t341 = 10− t344 − 3t345 implies that 8 = 0, a contradiction.
Now we present a family of 3-blocked 2 − (2 + 3;  + 1; ) designs starting with
=6. Let D0 be a 2− (40+3; 20+1; 0) Hadamard design. If D0 contains a blocking
3-set S, then 0 is odd, 0>3, and S is contained in at least one block B0 of D0, see
[3]. Let D be the 2− (2+3; +1; ) design with = 0 − 1 induced from D0 on B0.
Of course, S is a blocking 3-set of D. So we have proved the following
Lemma 2.9. If a 3-blocked 2− (40+3; 20+1; 0) Hadamard design D0 exists; then
a 3-blocked 2− (2+ 3; + 1; ) design D with = 0 − 1 exists.
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Since D contains a blocking 3-set, we have that 0= +1= k 6= 3. So we have the
following
Corollary 2.10. If a 2− (40+3; 20+1; 0) Hadamard design D0 contains a blocking
3-set S; then 0>5 (0 odd).
In particular, we have the following
Theorem 2.11. For every integer d>4 there exists a 3-blocked 2− (2+ 3; + 1; )
design with = 2(2(d−2) − 1)>6.
Proof. Let d>4 and D0=PG(d−1)(d; 2). It is well known that D0 is a 2−(40+3; 20+
1; 0) Hadamard design with 0 = 2(d−1) − 1. Moreover, every line of D0 is a blocking
3-set of D0. So, a 3-blocked 2−(2+3; +1; ) design with =(0−1)=2(2(d−2)−1)
exists in view of Lemma 2:9.
3. Blocking 3-sets in 2− (2 + 2;  + 1; ) designs
We begin with the following
Proposition 3.1. In a 2− (2+2; +1; ) design D with >3; a 3-set S is a blocking
3-set if and only if in D there are exactly three blocks B1; B2; and B3 such that each
of them intersects S in exactly two points. Moreover; since a blocking 3-set S is
contained in exactly − 1 blocks of D; then B1 \ B2 \ B3 \ S = ;. The characters of
a blocking 3-set S are t1 = 3; t2 = 3 and t3 = − 1.
Proof. In a 2 − (2 + 2;  + 1; ) design with >3 the characters of a 3-set S are
t1 = 3− 3t0, t2 = 3+ 3t0, and t3 = − 1− t0 in view of Eq. (1.1). Since k>4, a 3-set
S is a blocking 3-set if and only if t0 = 0 and so, if and only if t2 = 3.
The following lemma is useful in the sequel.
Lemma 3.2. Let S be a blocking 3-set of a 2− (2+2; +1; ) design D with >3.
It is v2 = 2 for every point of S. Moreover; a point not in S has
(1) u2 = 1 or u2 = 3 if and only if  is even;
(2) u2 = 0 or u2 = 2 if and only if  is odd.
Proof. Let S be a blocking 3-set of a 2− (2+2; +1; ) design D with >3. Since
S has t3 = − 1, it is v3 = − 1 for every point of S. So v2 = 2 blocks pass through
each point of S, in view of Eq. (1.2). Since S has t2 = 3, there are u263 blocks
through each point not in S. From Eq. (1.3) we have that u1 + u2 + u3 = 2 + 1 and
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u1 + 2u2 + 3u3 = 3 from which it follows that u2 + 2u3 = − 1. So,  is even if and
only if u2 is odd.
Theorem 3.3. Let D be a 2− (2+ 2; + 1; ) design with >3 odd. If D contains
a blocking 3-set; then in D there are three blocks B1; B2; and B3 such that
(1) B1 \ B2 \ B3 = ;;
(2) jB1 \ B2j= jB1 \ B3j= jB2 \ B3j= (+ 1)=2.
Hence; each block B1; B2; and B3 is contained in the union of the other two blocks
and there are exactly (+ 1)=2 points not in B1 [ B2 [ B3.
Proof. Let S be a blocking 3-set in a 2− (2+ 2; + 1; ) design D with >3 odd.
Since S has t2 = 3, let B1; B2; and B3 denote the three blocks intersecting S in exactly
two points. From Lemma 3.2, every point of S has v2 = 2 and every point not in S
has u2 =0 or u2 =2. So, (1) is proved. Now, put xij= jBi \Bjj for every i; j 2 f1; 2; 3g
and i 6= j. Since x12 + x13 = x12 + x23 = x13 + x23 = +1 it follows that x12 = x13 = x23 =
(+ 1)=2.
Theorem 3.4. Let D be a 2− (2+ 2; + 1; ) design with >4 even. If D contains
a blocking 3-set; then in D there are three blocks B1; B2; and B3 such that
(1) jB1 [ B2 [ B3j= 2+ 2;
(2) j(B1 \ B2)− B3j= j(B1 \ B3)− B2j= j(B2 \ B3)− B1j= 1;
(3) jB1 \ B2 \ B3j= (=2)− 1.
Proof. Let S be a blocking 3-set. Since S has t2 = 3, let B1; B2; and B3 denote the
three blocks intersecting S in exactly two points. From Lemma 3.2, every point of S
has v2 = 2 and every point not in S has u2 = 1 or u2 = 3. So, we have (1) and (2).
Now, put x = jB1 \ B2 \ B3j. Since B1 \ B2 \ B3 \ S = ; , there are 2− 1− x points
not in S having u2 = 1. Moreover, each block B1; B2; and B3 contains − 1− x points
having u2 = 1. Since 2− 1− x = 3(− 1− x), we have that x = (=2)− 1.
Remark 3.5. Let D0 be a 2− (4+3; 2+1; ) Hadamard design. Let us suppose that
D0 contains a blocking 4-set S. Moreover, let us suppose that in S there is at least one
point P such that exactly one block B0 intersects S just in P. Let D be the residual
design of D0 with respect to the block B0. It is easy to see that the set S − fPg is a
blocking 3-set of the 2− (2+ 2; + 1; ) design D.
4. Blocking 3-sets in 2− (2− 1; ; ) designs
We begin with the following
Proposition 4.1. A 2−(2−1; ; ) design D with >4 contains a blocking 3-set S if
and only if there are − 2 blocks B1; B2; : : : ; B−2 such that jB1 \B2 \    \B−2j>3.
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Moreover; S B1 \ B2 \    \ B−2. The characters of S are t1 = 3− 6; t2 = 6; and
t3 = − 2.
Proof. From Eq. (1.1) we have that in a 2 − (2 − 1; ; ) design with >4 the
characters of a 3-set S are t1 =3−6−3t0, t2 =6+3t0, and t3 =−2− t0. Since k>4,
a 3-set S is a blocking 3-set if and only if t0 =0 and so, if and only if t3 = − 2.
Lemma 4.2. Let S be a blocking 3-set of a 2− (2+2; +1; ) design D with >4.
Every point of S has v2 = 4. Moreover; a point not in S has
(1) u2 = 0 or u2 = 2 or u2 = 4 or u2 = 6 if and only if  is even;
(2) u2 = 1 or u2 = 3 or u2 = 5 if and only if  is odd.
Proof. Let S be a blocking 3-set of a 2− (2+2; +1; ) design D with >4. Since
S has t3 = − 2, every point of S has v3 = − 2. From Eq. (1.2) we have that every
point of S has v2 = 4. Since S has t2 = 6, every point not in S has u266. From
Eq. (1.3) we have that u1 + u2 + u3 = 2 and u1 + 2u2 + 3u3 = 3 from which it
follows that u2 + 2u3 = . So,  is even if and only if u2 is even.
Proposition 4.3. Let D be a 2 − (2 − 1; ; ) design with >5 odd. If D contains
a blocking 3-set; then in D there are six blocks B1; B2; B3; B4; B5; and B6 such that
jB1 [ B2 [ B3 [ B4 [ B5 [ B6j= 2− 1.
Proof. Let S be a blocking 3-set. Since S has t2 = 6, let B1; B2; B3; B4; B5; and B6
denote the six blocks intersecting S in exactly two points. From Lemma 4.2 we have
that every point of S has v2 = 4 and every point not in S has u2 = 1 or u2 = 3 or
u2 = 5. So, the assertion is proved.
Remark 4.4. Let q be an odd prime power and K=GF(q). Let A0 and B0 be the set of
non-zero squares of K and the set of non-squares of K , respectively. Put A= A0 [ f0g
and B=B0 [f0g. Put R= fA+ x j x 2 Kg[fB+ x j x 2 Kg. It is easy to verify that the
pair (K; R) is a 2− (2 − 1; ; ) design Dq with  = (q+ 1)=2, see [9]. We searched
by a computer for blocking 3-sets in Dq. The result is that Dq has no blocking 3-sets
when q is a prime and 116q66007. Note that q>11 implies >6.
In Section 5 we prove that every 2− (7; 4; 4) design and every 2 − (9; 5; 5) design
contains blocking 3-sets.
5. Examples of 3-blocked designs
We start with the 2− (8; 4; 3) designs. From Eq. (1.1), the possible characters of a
block are
: t0 = 0; t1 = 3; t2 = 9; t3 = 1; t4 = 1 or
: t0 = 1; t1 = 0; t2 = 12; t3 = 0; t4 = 1:
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From Proposition 3.1, we have that a 2 − (8; 4; 3) design D contains a blocking 3-set
S if and only if in D there are exactly two blocks B1 and B2 such that B1 \ B2 = S.
So, we have the following
Proposition 5.1. A 2 − (8; 4; 3) design D is 3-blocked if and only if in D there are
blocks of type .
Corollary 5.2. A 2− (8; 4; 3) design D is not 3-blocked if and only if all the blocks
of D are of type .
Remark 5.3. There are exactly four non isomorphic 2 − (8; 4; 3) designs. In three of
them there are blocks of type ; in the fourth, that is AG2(3; 2), all the blocks are of
type .
Now, we consider the case of the 2− (10; 5; 4) designs.
Let D0 be a 2 − (19; 9; 4) Hadamard design. Let B1 and B2 be two blocks of D0.
From Eq. (1.1), we have that the possible characters of B1 \ B2 are
: t0 = 1; t1 = 4; t2 = 12; t3 = 0; t4 = 2 or
: t0 = 0; t1 = 7; t2 = 9; t3 = 1; t4 = 2.
From Eq. (1.2) a point of B1 \ B2 has
v1 = 2; v2 = 4; v3 = 1; v4 = 2 or
v1 = 1; v2 = 6; v3 = 0; v4 = 2.
Since t361, in B1\B2 there is at least one point P having v3 =0 and, hence, v1 =1.
So we have proved the following
Lemma 5.4. If B1 and B2 are two blocks of a 2 − (19; 9; 4) Hadamard design D0;
then in B1 \ B2 there is at least one point P such that exactly one block B0 of D0
intersects B1 \ B2 just in P.
From Lemma 5.4 and Remark 3.5 we have the following
Theorem 5.5. Let B1 and B2 be two blocks of a 2− (19; 9; 4) Hadamard design D0.
If the set B1 \ B2 is a blocking 4-set; then a 3-blocked 2− (10; 5; 4) design exists.
Remark 5.6. There are exactly six non-isomorphic 2− (19; 9; 4) Hadamard designs. In
each of them there are two blocks B1 and B2 such that B1 \ B2 is a blocking 4-set.
So, 3-blocked 2− (10; 5; 4) designs exist.
Proposition 5.7. Each block of a 2− (7; 4; 4) design D contains a blocking 3-set.
Proof. From Eq. (1.1), we have that the characters of a block of D are t1 = 1;
t2 = 9; t3 = 3; t4 = 1.
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Let B1 be a block of D. Let B2 the block of D such that jB1 \ B2j = 1 and put
fPg:=B1 \ B2. It is easy to see that every 3-subset of B1 containing P is a blocking
3-set.
Proposition 5.8. Each block of a 2− (9; 5; 5) design D contains a blocking 3-set.
Proof. From Eq. (1.1), we have that the possible characters of a block of D are
: t1 = 0; t2 = 7; t3 = 9; t4 = 1; t5 = 1 or
: t1 = 1; t2 = 4; t3 = 12; t4 = 0; t5 = 1.
At rst, let B1 be a block of type  and let B2 be the only block that intersects B1
in exactly four points. Note that B2 is a block of type  too. Since a block of type 
has t1 = 0, we have that B1 \ B2 has t0 = 0. From Eq. (1.1) we have that B1 \ B2 has
t1 = 2. Hence, B1 \ B2 is a non-minimal blocking 4-set and so it contains a blocking
3-set.
Now, let B1 be a block of type . Since the number of distinct triples of points of
B1 is 10 and the number of blocks intersecting B1 in exactly three points is 12, there
are two blocks B2 and B3 of D such that jB1 \ B2 \ B3j= 3. From Proposition 4.1 we
have that the set S = B1 \ B2 \ B3 is a blocking 3-set.
6. For further reading
The following references are also of interest to the reader: [1], [10] and [11].
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